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Abstract 



C$ . We prove that a certain space of cusp forms for the Hecke congruence group of a given 

level is one-dimensional if and only if that level is the order of an element of the second largest 
Mathieu group. As such, our result furnishes a direct analogue of Ogg's observation that the 
normaliscr of a Hcckc congruence group of prime level has genus zero if and only if that prime 
divides the order of the Fischcr-Griess monster group. The significance of the cusp forms under 
0^ " consideration is explained by the Rademacher sum construction of the McKay-Thompson series 



of Mathieu moonshine. Our result supports a conjectural characterisation of the discrete groups 
and multiplier systems arising in Mathieu moonshine. 
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1 Introduction 

Ogg established one of the most surprising results relating finite groups to modular functions — a 
harbinger of monstrous moonshine, cf. [CN79j — by proving |Ogg75| that the normalizer To(p) + 
of the Hecke congruence group 

r (p) = <f *j e SL 2 (Z) | c = (mod p) }> (1.1) 

at prime level p determines a genus zero quotient of the upper half-plane H (cf. (|2.6[) ^ if and 
only if p is a prime dividing the order of the (at that time conjectural) Fischer-Griess monster 
sporadic group. Ogg offered a bottle of Jack Daniels whiskey (cf. |Ogg75( Rmq.l]) to anybody 
who could explain this fact (and this is perhaps part of the reason the term moonshine has 
found the role that it has in mathematics). 

In this article we establish an analogue of Ogg's result for Mathieu moonshine. We prove 
that a certain space of cusp forms for To(p) with p prime is one-dimensional, spanned by the 
unary theta series 

^(4m+l)<?( 4m+1 ) 2 / 8 , (1.2) 

mgZ 

if and only if p is a prime dividing the order of the largest Mathieu sporadic group, M24. In 
fact we prove more than this: the positive integers n for which Tq(u) has the above cusp form 
property are exactly those that arise as orders of elements of M24 having a fixed point in the 
defining permutation representation (i.e. the unique non-trivial permutation representation on 
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24 points); equivalently, these values of n are just those that arise as orders of elements of the 
second largest Mathieu sporadic group, M23. The significance of the cusp form (|1.2p and the 
specific space of cusp forms to be considered will soon become apparent. 

Mathieu moonshine was initiated by the observation |EOTllj of Eguchi-Ooguri-Tachikawa 
that the low order (and non-polar) coefficients of a certain holomorphic function 



H(t) = -2<T 1/8 + 90q 7/8 + 462g 15/s + 1540q 23/8 + 45 54g 31/8 + 11592q 39/8 + . . . (1.3) 



on the upper half-plane (we set q = e 27rlT throughout) are simple positive-integer combinations 
of degrees of irreducible representations of M24. For example, 90 = 45 + 45, 462 = 231 + 
231, and 1540 = 770 + 770, &c. (cf. [CCN+85] ). In |EOTll| (see also [EH09] ) the function 
H(t) was obtained by decomposing the elliptic genus of a K3 surface into characters of the 
(small) N = 4 superconformal algebra; it is essentially (up to subtraction of the polar term and 
multiplication by q 1 ' 8 ) the generating function for multiplicities of the characters of massive 
(non-BPS) representations. 

More significantly for the purpose of this paper, the function H(t) is a weak mock modular 
form of weight 1/2 for the modular group SL2(Z) with shadow equal to 24 r/ 3 , meaning that 



for t e H and 7 £ SL 2 (Z) and j(7,r) = (cr + cfT 1 in case 7 = { a c b d ). In fact H(t) is 
uniquely determined amongst such objects (see |CD12al §8]) by having polar part — 2q -1 / 8 . 
Here r\ denotes the Dcdckind eta function and e denotes its multiplier (cf. (|A.3p ). and we have 
r;(r) 3 = X)nez(4 TO + l)q' 4m+1 ' 2 / 8 (cf. (|1.2|l ) according to an identity due to Eulcr. 

The observation relating coefficients of H to degrees of irreducible representations of M24 
suggests the existence of a graded M 2 4-module K = n>o K n _ 1 / 8 with the property that 



n>0 

If such a module exists then one can expect to obtain interesting functions H g (r) — McKay- 
Thompson series for M24 — by replacing dim_fC„_ 1 / 8 with trx n l/8 (<?) in (jl.5p for g G M24. 



Candidate expressions for the H g were determined in a series of papers, starting with |ChelQ] 




(1.4) 




(1.5) 




(1.6) 
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and the independent work GH VlObj . and concluding with jGHVlOa] and [EHlT]. A proof of 
the existence of the M 2 4-module K, with McKay-Thompson series given exactly as predicted 
in jChelOl IGHVlObl IGHVlOai lEHllj , has appeared very recently |Ganl2) ; as yet no concrete 
construction of K is known. 

It develops that the McKay-Thompson series all enjoy good modular properties. To describe 
them we set n g to be the order of g, we write x(ff) f° r the number of fixed points of g in the 
defining permutation representation and define h g to be the length of a minimal length cycle 
in a disjoint cycle decomposition of (the permutation induced by) g (cf. |CD12a[ ICD12b| ). For 
instance, for an element g in the (unique) conjugacy class with cycle shape 1 8 2 8 we have n g = 2, 
h g = 1 and x(d) = 8; for an element g in the (unique) conjugacy class with cycle shape 2 12 
we have n g = h g = 2 and x(d) = 0- I n particular, h g = 1 and x(<?) ^ just when g has a 
fixed point. By definition h g divides n g and by inspection h g also divides 12 for each g £ M24. 
In this way we attach to each clement g £ M24 a discrete group T g = T (n g ) < SL 2 (Z) and 
a multiplier system ip g = p n \h£~ 3 with weight 1/2, where n = n g and h = h g . The function 
Pn\h '■ ^oi n ) C x is defined for any pair of positive integers n and h such that h divides 
gcd(n, 12) by setting 



Since h is a divisor of 24 we have x = y (mod h) whenever xy = 1 (mod h) (cf. |CN79| §3]) and 
it follows from this that p n |^ is actually a morphism of groups; the kernel is evidently To(nh). 
Now we may describe the modularity of all the McKay-Thompson series H g by stating that for 
arbitrary g G A/24 the function H g is a weak mock modular form for To(n g ) with weight 1/2 
and multiplier p n \h£~ 3 , where n = n g and h = h g , and the shadow of H g is xid) 1 ! 3 ■ See (|2.5[) for 
the definition of weak mock modular form. Notice that the functions H g for g £ M24 with and 
without fixed points have qualitatively different modular behaviour: the former are weak mock 
modular forms on To{n g ) with non-trivial shadow while the latter are actually weak modular 
forms. 

In |CD12aj it is shown that a uniform construction of the McKay-Thompson series H g may 
be obtained using Rademacher sums. The analogous statement for monstrous moonshine was 
established in [DFllj . while in |CDH12j it was conjectured that an analogous Rademacher sum 
construction also exists for the McKay-Thompson series of umbral moonshine. The fact that 
the McKay-Thompson series in these various settings may all be constructed using Rademacher 
sums indicates a deep relation between Rademacher sums and moonshine. 




(1.7) 
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To explore this relation further, and to motivate the spaces of cusp forms we study in this 
work, recall (from |CD12cj . for example) that given a group T < SI/2(R) commensurable with 
SI/2(Z), a multiplier system ip for T, a compatible weight w and a compatible index fj,, we may 
consider the Rademacher sum R^L w (we refer to |CD12cj for the definition). In the case that 
it converges w defines a weak mock modular form for the group T with multiplier ip and 
weight w, and Fourier expansion of the form R^ ] , w (t) = + 0(1). (We typically have w < 1 
and /i < in applications.) The shadow of RJp \ w is a modular form for T — a cusp form in case 
/i < — with the inverse multiplier ip and dual weight 2 — w, and is itself a Rademacher sum. 
We refer to |CD12c] for an exposition. 

Write S,p tW (r) for the space of cusp forms for T with multiplier ip and weight w 7 so that 
<SV,uj(r) is the space of possibilities for the shadow of a Rademacher sum we shall 

see presently the Rademacher sums of monstrous and Mathieu moonshine have the common 
feature that their corresponding spaces S,p^ w (T) are extremely small; viz., zero or one dimen- 
sional, and this feature plays an important role in determining the Rademacher sums themselves. 
From this point of view Ogg's result and the result of the present paper may be viewed as two 
manifestations of a single (as yet empirical) principle of the Rademacher sum construction. 

In the case of monstrous moonshine the relevant Rademacher sums have trivial multiplier, 
weight and fi = — 1 |DFllj and thus their shadows lie in the spaces ^(r) ~ <Si,2(r) of cusp 
forms with trivial multiplier of weight 2. The fact that the dimension of ^(r) coincides with 
the genus of the compact Riemann surface Xr determined by T (cf. (|2.6[) ) indicates the close 
connection between Rademacher sums and the genus zero property: the weight Rademacher 
sum i?p is forced to have trivial shadow, and thus be T-invariant (i.e. a weight weak modular 
form for T), whenever Xr has genus zero since in that case the space of possible shadows S^r) is 
zero-dimensional. In [DF11] it is shown that the converse is also true, so that a discrete group T 
determines a genus zero surface Xr if and only if the Rademacher sum R r is T-invariant, and 
the genus zero property of monstrous moonshine is thus reformulated in terms of Rademacher 
sums. (As such, the main result of |CD12a) may be regarded as verifing a natural analogue of the 
genus zero property for Mathieu moonshine; we refer to |CD12b|ICD12c| for a fuller discussion.) 
In particular, the equality of a monstrous McKay-Thompson series T g with r\, X \ (up to an 
additive constant, cf. [DF111 [CD12cj ) implies that T g has genus zero. 

To recover the McKay-Thompson series of Mathieu moonshine correspdoning to elements 
with fixed points we choose a positive integer n and set T = To(n) and ip = e~ 3 (cf. (|A.3jl ) 
and w = 1/2 and also /i = —1/8. Then the space of possible shadows for the Rademacher sum 
•Rr (n) e- 3 1/2 ^ s S e 3.3/2(Fo( n )), an d we abbreviate this to S e a .3/2(7*1) to ease notation. We can 
see immediately that S 1 ,^ 3/2(71) has positive dimension for all positive n since the cusp form 
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rf (cf. (jl.21) ) is a non-zero element of S e $ .3/2(1), and 6^3,3/2(771) embeds in S e s .3/2(71) whenever 
m\n. In the course of proving |CD12aj that the McKay-Thompson series H g determined in 
the aforementioned articles |Chel01 [GHVTObl IGHVlOal IEH1 lj satisfy H g = -2i^(^ ] e - 3 1/2 for 
n = n g when g has a fixed point, it was shown that 6 e 3 , 3/2(71) is one-dimensional, spanned by rf , 
whenever n is the order of an element of M23 (cf. |CD12a[ §8.1]). In particular, the restricted 
nature of the space S e a ,3/2(1) was crucial for the purposes of determining the Radcmacher sums 
associated to elements of the subgroup M 2 3 . 

In this article we make an important step towards a characterisation of the discrete groups 
and multipliers of Mathieu moonshine, and in so doing strengthen the analogy with the mon- 
strous case just described, by proving the converse statement. We identify an isomorphism be- 
tween S"^ ,3/2(71) and a certain space of meromorphic functions on the modular curve Xo(n) (cf. 
(|2.6H2.7p ) and use this together with the Riemann-Roch theorem to prove that dim S^s 3/2(71) = 1 
if and only if n is the order of an clement of M23. Since there is an element in M23 with order p 
for any prime p dividing the order of M24 we obtain a direct analogue of Ogg's result character- 
ising the primes p for which Tq(p) + has genus zero in terms of the Monster group: the primes p 
for which Tg(p) has a unique (up to scale) cusp form of weight 3/2 with multiplier e 3 are exactly 
those that divide the order of M24, which are also just the primes p such that p + 1 divides 24. 

The rest of the paper is organised as follows. In <j2] wc collect preliminary definitions and 
notations. In JHwe present the proof of the main theorem of the paper. We conclude in fJHwith 
some perspectives on possible future developments, including a conjectural characterisation of 
the discrete groups and multipliers of Mathieu moonshine. 



2 Preliminaries 

The group SL 2 (M) acts naturally on the upper half-plane H by orientation preserving isometries 
according to the rule 

a b\ ar + b 
d) T ~ c,r + d- 

For 7 £ SL2 (M) with lower row (c, d) define 



j( 7 , r) = (cr + d)- 1 (2.2) 
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so that j(7,T) 2 is the derivative (with respect to r) of the action (|2.1[) when 7 = (° For T a 
finite index subgroup of the modular group SL2 (Z) and for w £ K say that a function ^> : T — > C 
is a multiplier system for T with weight w if 

V'(7i)?/'(72)j(7i,72T")' !1 'j(72,T) u ' = V , (7i72)j(7i72,i-r (2.3) 

for all 71 , 72 G r where here and everywhere else in this paper we choose the principal branch of 
the logarithm (cf. (|A. II) ) in order to define the exponential x > X s in case s is not an integer. 
Given a multiplier system tp for T with weight w we may define the (ip,w)- action of T on the 
space 0(H) of holomorphic functions on the upper half- plane by setting 

(/k, w 7)(r)=/(7r)V(7)j(7,r) U) (2.4) 

for / G 0(H) and 7 G T. We then say that / G 0(H) is an unrestricted modular form with 
multiplier ip and weight w for T in the case that / is invariant for this action; i.e. /!,/,,«; 7 = / 
for all 7 G T. Since (— 7)r = 7T and ](—ld,r) w = e~ niw (cf. IjA.ip ) the multiplier ip must 
satisfy the consistency condition ip(— Id) = e 1 ™ 1 " in order that the corresponding space(s) of 
unrestricted modular forms be non- vanishing. 

We assume throughout that the multiplier tp for T is of the form tp = p r ip where p : T — > C x 
is a morphism of groups and tp is a multiplier for SL2(Z). With this understanding we say that 
an unrestricted modular form / for Y with multiplier tp and weight w is a weak modular form 
in case / has at most exponential growth at the cusps of T; i.e. in case there exists C > such 
that (f\^ w o~)(t) = 0(e cis ( T ') as 3(t) — > 00 for any a G SL2(Z). We say that / is a modular 
form if (/| r UI cr)(r) remains bounded as 9(t) — > 00 for any a G SI^Z), and we say / is a cusp 
form if (/| r uj ct)(t) — > as 3(r) — > 00 for any ct G SL 2 (Z). 

Suppose that "0 is a multiplier system for T with weight w and g is a modular form for T 
with the inverse multiplier system Pp : 7 >-> ^(7) and duaZ weight 2 — w. Then we may use g to 
twist the (0, w)-action of T on 0(H) by setting 

(/k IUlS 7)(r) = /(7-r)V(7)j(7,rr+(j) ^ (* + r)-^pi)dz. (2.5) 

A weafc mock modular form for T with multiplier ip, weight w, and shadow g is a holomorphic 
function / on H that is invariant for the pip, w, ^-action of T defined in (|2.5[) and which has 
at most exponential growth at the cusps of V (i.e. there exists C > such that (f\r w o~) = 
0(e c ' 9(T " ) ) for all a G SL2(Z) as 3(t) — > 00 where tp is as in the previous paragraph.) A weak 
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mock modular form is called a mock modular form in case it is bounded at every cusp. From this 
point of view a (weak) modular form is a (weak) mock modular form with vanishing shadow. 
The notion of mock modular form developed from Zwegers' ground breaking work |Zwe02] on 
Ramanujan's mock theta functions. We refer to |Zag09| for an excellent review. The notion of 
mock modular form is closely related to the notion of automorphic integral which was introduced 
by Niebur in |Nie74) ; see [CD 12c] for a discussion of this. 

Since T is assumed to be a subgroup of SL2CZ) of finite index its natural action on the 
boundary I = lU {00} of H restricts to Q = Q U {00}. The orbits of T on Q are called the 
cusps of r. The quotient space 

Xr=T\HUQ (2.6) 

is naturally a compact Riemann surface (cf. e.g. |Shi71[ §1.5]). We say that T has genus g in 
case Xr has genus g as an orientable surface. 

In this paper we will be concerned primarily with the case that T is the Heche congruence 
group of level n, denoted r"o(n), for some integer n. 

r (n) = { I ° * I G SL 2 (Z) I c = (mod n) } (2.7) 

We write Xo(ri) for X-p when T = Tq(u). 



3 Cusp Forms 

Recall that 5 e 3 j3 / 2 (ri) denotes the space of cusp forms for To(n) with multiplier e 3 and weight 
3/2. Then the function rf belongs to ,3/2(71) for every positive integer n, so in particular 
S e 3 .3/2(71) has dimension at least 1 for all n. We will prove that the values of n for which 
dim S* e 3 .3/2(71) = 1 arc exactly those that arise as the order of an element of the sporadic group 
M 23 ; viz., n e {1, 2, 3, 4, 5, 6, 7, 8, 11, 14, 15, 23}. 

Observe that if g € S e 3 3 / 2 ( n ) then g = gr/~ 3 is a meromorphic function on X = Xo(n) with 
poles only at the cusps of T = r (n), and the order of the pole at a cusp x € T\Q say is bounded 
from above by the order of vanishing of rf at x. For a more precise statement define a divisor 
D on X by setting 



a-ECTSH)" (3-D 

a;er\Q 
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where w x denotes the width of T at the cusp x. Write JCx{D) for the vector space composed of 
meromorphic functions f on X satisfying (/) + D > 0. Then gr)~ 3 belongs to JCx{D) whenever 
g £ S e 3 3 / 2 ( n )i an d conversely, if g € JCx(D) then grf belongs to S e 3 3 / 2 ( n )- So multiplication 
by rf defines an isomorphism of vector spaces ICx(D) — > S e 3 3 / 2 (n). According to the Riemann- 
Roch Theorem we have 



dimlCx(D) - dimfi x (.D) = dcg(L>) + 1 - genus(X) (3.2) 

where Qx{D) denotes the space of holomorphic differentials uj on X satisfying (uj) — D > 0. In 
particular then the dimension of S e 3 .3/2(71) is bounded below by deg(-D) + 1 — genus(X). In the 
case that X = Xq(ji) we have the explicit formula (cf. [Ste071 §6.1]) 

genus(Xo(n)) = 1 + T^( n ) - ^%{n) - ^(n) - ^c(n) (3.3) 

where i(n) is the index of Tq(ti) in the modular group SLa(Z), and c(n) = #To(n)\(Q) is the 
number of cusps of r (n), and ^2(1) and ^3(71) are defined by setting 

if 4|n, 

M = { (3.4) 

Yl v \n[}+{=t)) otherwise, 
if 2ln or 9ln. 

(3.5) 



Here (jj denotes the Kronecker symbol (cf. $K}. Since i(n) coincides with the sum of the 

widths of the cusps of To(n) (cf. e.g. [DF111 §5.3]) we have the following crude lower bound for 
deg(.D). 

deg(D) > \i(n) ~ c(n) (3.6) 
8 

Substituting ([O} and (|31)|) into (j3~2"]) we find that 

dim S e 3 >3/2 (n) > - ^c(ra). (3.7) 
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A slightly less explicit but better bound is 

1 , , 1 

It - 

xer\ 



dim S e s, 3/2 (n)> ]T \^f\-^( n )-\< n )- ( 3 - 8 ) 



Since the index of Tq(ji) in the modular group grows faster with n than does the number of 
cusps of T (n) we see from (|3.7[) that 5^3,3/2 fa) has dimension greater than 1 for sufficiently 
large n. Precise formulas for i(n) and c(n) are as follows (cf. e.g. |Ste071 §6.1]). 

*(») = HV p(n) + P^' 1 ) (3-9) 

p\n 

c(n) = ^2 Hgcd{d, n/d)) (3.10) 

d\n 

In (|3.9|) we write v p {n) for the greatest positive integer such that p v v\ n ') divides n. In (|3 . 1 0[) we 
write cj> for the Euler totient function. 

The cusps of To(n) are indexed by equivalence classes of pairs (a, d) where d\n and gcd(a, d) = 
1, and (a, d) ~ (a', d') just when d = d! and a = a! modulo gcd(rf, n/rf). Writing d = IlpinP 
the width of the cusp corresponding to a pair (a, d) is given by 



TTp("p(n)-2i/ p (<Q)ff[i>p(n)-2i/ p (d)] (3-H) 



p\ II 

where H[n] is the Heaviside step function given by when n < and 1 when n > 0. 

Using p.2p and (|3.3[) together with p.9[) and (|3. 1 0[) we will now show that dim S e 3 3 / 2 (n) > 1 
for all n except those that arise as the order of an element of the Mathieu group M23. We start 
with the following result on prime powers. 

Lemma 3.1. Ifn~p x is a prime power, then dimS , e 3 i 3/ 2 (") > 1 for n ^ {2, 3, 5, 7, 11, 23, 4, 8}. 

Proof. First consider the case that n = p 2X is an even power of a prime. In this case we have 
i(p 2X ) = p 2X + p 2X ~ 1 and c(p 2X ) = p x +p A ~ 1 , and there are p x cusps of width 1, one cusp of 
width p 2X , and p x ~ k — p^-k- 1 cusps of width p 2k for every k = 1, . . . , A — 1. To get a simple 
bound on dim S , e 3 i 3/ 2 (p 2A ) we simply use the fact that we have p x cusps of width 1. Applying 
(|3.2[) we obtain 

dog^ ^^" 1 ^ -^, (3.12) 
genus(A) < 1 + -^(p 2X + p 2X ^) - !(/ +p x ~ 1 ), (3.13) 
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where X = Xq(p 2X ) and D is as in (|3.1[) . and hence we get 

<kmS e 3 !3/2 {p ) > — . (3.14) 

Next we consider odd powers n = p 2X+1 . In this case we have i(p 2X+1 ) = p 2X + p 2A+1 and 
c(p 2X+1 ) = 2p x , and there are p x cusps of width 1, one cusp of width p 2X+1 , and p x ~ k+1 —p x ~ k 
cusps of width p 2k ~ x for every 1 < k < X. As before, to get a simple bound on dim S e 3 3 / 2 (p 2X+1 ) 
we simply use the fact that there are p x cusps of width 1, and get 

2A + 2A+1_q A 

deg(£>) > , (3.15) 

gcnus(X) < 1 + J^(P 2X +P 2X+1 ) ~P X , (3-16) 

and thus obtain 

dimS £ 3, 3/2 (p 2A+1 ) > p2A+p2 2 A 4 +1 ' V - (3-17) 

From p.!4p and (|3 . 1 7[) we see that dim5 , e 3 j3 / 2 (p' ; ) > 2 for all k > 4 for any prime p. 
Moreover, dim 5 c 3 t 3/2 {p k ) > 2 for k = 2 or k = 3 when p > 2, and for k = 1 when p > 23. 
From this we conclude that dim 3 / 2 (?^) > 1 when n is a prime power not belonging to 
the set {2,3,5,7,11,13,17,19,23,4,8}. It remains to prove that dim S e 3^f 2 ( n ) > 1 in case 
n e {13, 17, 19}. To see this we note that for n = p a, prime we have deg(D) = [| ] — 1 and 

genus(X) = ^jti - ^ 2 (p) - ^s(p) (3.18) 

and upon substituting p £ {13,17,19} the Riemann-Roch theorem (|3.2[) delivers the desired 
bounds. □ 

Lemma 3.2. If n = Jli=iPi * s a square-free product of distinct primes, then dim 3 / 2 (n) > 1 
unless n £ {6, 14, 15}. 

Proof. For n = Y\i=iPi we have i(n) = Y\i=i(Pi + 1) an d c(n) = 2 k . Hence the crude estimate 
([377]) gives 

1 k 

dim5 e3 ,3/ 2 (n) > - Y[(pi + 1) - 2 k -\ (3.19) 



i=i 



Take the case k = 2 and n = pq. Then the above formula shows that dim 3 / 2 (n) > 2 if both 
p and q are larger than 8. Without loss of generality let p < q. To refine (|3.19[) we put [|] = 1 
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in (|3.8p and obtain 

dim S e s, 3/2 (pq) > f + | - ^(P + + 1) = ^(P + 1)(« - 2 ) ( 3 - 20 ) 

and thus dimS , e 3 j 3/ 2 (p9) > 1 for pg not in the set {6, 10, 14, 15, 21}. 

For k = 3 the crude estimate (|3.19[) excludes all possibilities except for n = 30 and n = 42. 
Similarly, it excludes all possibilities with k > 3, and so it remains to show that dimS , e 3 j 3/ 2 («) > 1 
for n € {10,21,30,42}. This follows in each case from an explicit computation of degD using 
(|3.1[) and genus(X) using (|3.3I) . and an application of the Riemann-Roch theorem Q3.2p as in 
the final part of the proof of Lemma 13.11 □ 

Lemma 3.3. We have dimS e 3 3 /2(n) > 1 whenever n > 1 is not a prime power and is not 
square-free. 

Proof. From the simple fact that an element of S^ ^^ijn) is necessarily an element of S e 3 3 /2(n) 
whenever m divides n we conclude from Lemma 13.11 that the statement is automatically true 
unless n = 4p or n = 8p with p € {3, 5, 7, 11, 23}. 

The group To(4p) has two cusps of width 1, two cusps of width p, one cusp of width 4 and 
one with width 4p. This gives deg(D) > — 3. On the other hand, we have i(4p) = 6p + 6 and 
c(4p) = 6 and this gives genus(X) < and so we obtain dim 5 , e 3 i3 / 2 (4p) > and hence 
dim S t 3^/2 (4p) > 1 unless p = 3 or p = 5. For n = 12 we compute deg D = 1 and gcnus(X) = 0, 
and this gives dim ^3 3/2 (12) > 1. Similarly for n = 20 we have degD = 2 and genus(X) = 1 
and so dim S^^^ (20) > 1 also. Therefore dim S , e 3 3 / 2 (4p) > 1 for all p > 2. Then it follows 
that dimiS e 3 3 /2(8p) > dim S , e 3 3 / 2 (4p) > 1 for all p > 2 and this finishes the proof. □ 

For the sake of completeness we conclude with a proof of the result, established earlier in 
|CD12aj . that dim S , c 3 :3 / 2 (n) = 1 whenever n is the order of an element of M 2 3. 

Lemma 3.4. If n € {1,2,3,4,5,6,7,8,11,14,15,23} then dim S € ^ 3/2 {n) = 1. 

Proof. For n < 8 we have D = 0. Since every holomorphic function on a compact Riemann 
surface is a constant we have Kx{D) = C and as a result dimS , e 3 i3 / 2 (n) = dmxJCx {D) = 1. For 
n E {11, 14, 15} there is just one cusp of T (n) (the one represented by 1) that has width larger 
than 8. In these cases, denote by x the image of 1 £ Q under the natural map iUQ -> Xo(n), 
then any / £ K-x(D) is either a constant or has a simple pole at x and no other poles, but the 
latter is impossible since such an / would induce an isomorphism between the Riemann sphere 
and Xo(n), which is a genus one curve for n € {11, 14, 15}. As a result we conclude K.x{D) = C 
and dim S , e 3 3 / 2 (n) = dimJCx(D) = 1. 
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It remains to show that dim S e a^/2 (23) = 1. The group To(23) has two cusps, one of width 
23 represented by 1, and one with width 1 represented by 1/23. As a result we have D = 2x 
where x again denotes the image of 1 € Q under H U Q — > Xo(23). Consider first D' = x. 
Repeating the above argument and using the fact that Ao(23) has genus 2 we conclude that 
dimrtx(D') = dimlCx(D') = 1. From the fact that Clx(D') D ilx(D) and the one dimensional 
space ttx(D') is given by the weight 2 cusp form ?7(t) 2 ?7(23t) 2 , wc conclude that dimilx(D) = 
and hence dim S , e 3 3 /2(23) = 1. □ 

Taking the above lemmas together we obtain our main result. 

Theorem 3.5. We have dim S e 3 3 / 2 (n) = 1 if and only if n coincides with the order of an 
element of the sporadic group M23," viz., n <E {1, 2, 3, 4, 5, 6, 7, 8, 11, 14, 15, 23}. 

4 Perspectives 

As has been explained in the introduction, the fact that the space S^a ,3/2(71) has dimension 1 
whenever n is the order of an element of M23 may, in light of the Radcmacher sum construction 
of the McKay-Thompson series of Mathieu moonshine, be regarded as a counterpart to the 
genus zero property of monstrous moonshine since the latter is equivalent to the existence of 
Radcmacher sum expressions for the monstrous McKay-Thompson series. This equivalence was 
extended in [DFllj so as to obtain a Radcmacher sum-based characterisation of the groups r 9 < 
SL2 (M) for g in the monster by reformulating an earlier characterisation due to Conway-McKay- 
Sebbar [CMS04| . The main result of this article, determining those n for which dim S e 3_ 3 / 2 (n) = 
1, serves as evidence in support of an analogous characterisation of the discrete groups (and 
multipliers) of Mathieu moonshine. 

As in 2] we attach a discrete group T g = Tq (n) < SL2 (Z) and a multiplier system ip g = 
Pn\h£~ 3 (cf. (|1.7[) ) with weight 1/2 to each element g £ M24. Following the suggestion made in 
|CD12cj we conjecture that the pairs (r, tjj) arising as (r g , ip g ) for g £ M 2 4 are exactly those of 
the form (T,ip) = (T (n), p n \h e ~ 3 ) where 

1. n and h are positive integers such that h divides gcd(n, 12), and 

2. the Rademacher sum i?p nas sna dow proportional to 77 s . 

The main result of this article implies that if h = 1 then the second condition above is necessarily 
satisfied when n is the order of an element of M23. It also suggests that the second condition 
is unlikely to be satisfied when h = 1 and n is not the order of an element of M23, for then, 
according to our result, the space of possible shadow functions has dimension greater than one. 
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Observe that the second condition actually implies that R r ^ \ / 2 has vanishing shadow — and 
is thus a weak modular form — when h > 1, for the multiplier of rf agrees with p n \h£~ 3 on T (nh) 
but differs from it on non-trivial cosets of T (nh) in r (n). A next step towards establishing the 
above conjectural characterization of the discrete groups and multipliers of Mathieu moonshine 
would be to carry out the h > 1 analogue of the analysis presented in this article, showing that 
the space S Pnihe -3 3 / 2 { n ) of cusp forms for Tq(ti) with weight 3/2 and multiplier p n \h£~ 3 vanishes 
if and only if (n,h) — [n g ,h g ) for some fixed-point-free g € M24. The fact that S p ^ ht -3 ^/ 2 {ri) 
vanishes in case (n, h) does arise from a fixed-point-free element of M 2 \ is established in |CD12aj . 

Another natural direction to explore is the generalisation of our results to umbral moonshine 
|CDH12j . For £ an integer greater than 1 and < r < I define 

5W = ^(2te + r) ? ( 2fm+r > 2 /«. (4.1) 

mez 

Then S{ 2) recovers rf (cf. JT2J) and the vector- valued function S U) = (S[ e \ . . . , sf^) is 
a vector- valued cusp form for the modular group with weight 3/2 and a certain matrix- valued 
multiplier . In |CDH12j a weak vector- valued mock modular form is constructed for each 
£ € {2, 3, 4, 5, 7, 13} whose shadow is proportional to S^ e \ and evidence is collected in support of 
a family of conjectures relating iJW to a finite group G"' in analogy to the relationship between 
H and M24 described above. In fact Mathieu moonshine may be regarded as the special case 
of umbral moonshine that £ = 2; we have = H and = M 24 . For a positive integer n 
define S a (e) 3 / 2 i n ) to be the space of {£ — l)-vector- valued cusp forms of weight 3/2 for ro(n) 
with multiplier system . Then dim S a (e) 3 / 2 (n) > 1 for all n > 1 since € S a (o 3 / 2 (n). In 
light of the results of this paper, and upon inspection of the shadows described in |CDH12j . it is 
tempting to suggest that the positive integers n for which dim S a (i) 3/ 2 ( n ) = 1 are exactly those 
such that there exists an element g € of order n with Xg — Xg > 0- This condition means 
that g has fixed points but no anti-fixed points in the natural signed permutation representation 
of G (£ ). We refer to |CDH12j for more details. 

As is still the case for Ogg's observation on primes dividing the order of the monster, a 
conceptual explanation of the results of this article is not yet available. Nonetheless, we have 
seen in Sjl] that both results may be motivated by the Rademacher sum construction of the 
Mathieu and monstrous McKay-Thompson series. As a result, it is tempting to envisage a class 
of algebraic structures whose twisted characters are given by Rademacher sums. The relation 
between this algebraic structure and vertex algebra should be a chiral counterpart to the relation 
between string theory on AdS^ geometries and conformal field theory in two dimensions. Sec 
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|DF11[ ICD12aj for a more detailed discussion. 

In the monstrous case this is a central implication of the results of [DF11] , and the construc- 
tion of a such an object with the monster acting as automorphisms would explain the genus 
zero property. This is because, as mentioned before, the relevant Rademacher sums have the 
required invariance if and only if the underlying discrete groups have genus zero. The existence 
of elements of prime order in the monster with associated discrete group of the form Tq(p) + 
then explains Ogg's observation. For the case of Mathieu moonshine the untwisted character is 
a Rademacher sum of weight 1/2 with multiplier system ip = e~ 3 and we can expect the twisted 
characters to have shadows proportional to that of the untwisted character, which is to say, 
proportional to rf since dimiS e 33/ 2 (l) = 1 according to our results. As such, the construction 
of this algebraic structure would furnish an algebraic foundation for the conjectural characteri- 
sation of the discrete groups of Mathieu moonshine described above, and it would explain our 
analogue of Ogg's result: that the primes dividing the order of M 24 are exactly those for which 
dim ^3,3/2(25) = 1. 

A Special Functions 

For the exponential x <— > x 8 with s a non-integer we employ the principal branch of the logarithm, 
so that 

x s = \x\ s e is0 (A.l) 

when x = |x|e for — 7r < 8 < tt. 

The Dedekind eta function, denoted t](t), is a holomorphic function on the upper half-plane 
defined by the infinite product 

^(r)=«Z 1/24 n (!-<?") ( A - 2 ) 

n>0 

where q = e(r) = e 2mr . It is a modular form of weight 1/2 for the modular group SL 2 (Z) with 
multiplier e : SL 2 (Z) — >• C so that 

?7(7T)e(7)j(7,T) 1/2 =77(T) (A.3) 
for all 7 = (gj) € SL 2 (Z), where j(7, r) = (cr + d)^ 1 . The multiplier system e may be described 
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explicitly as 



a b 
c d 



e(-6/24), c = 0, d=l 

e(-(a + d)/24c+s(d,c)/2 + l/8), c>0 



(A.4) 



where s(d,c) = X^m=i(^/ c )(( m( V c )) an d (( x )) is for x G Z and x — [x\ — 1/2 otherwise. 
We can deduce the values e(a, b, c, d) for c < 0, or for c = and = — 1, by observing that 
e(- 7 ) = e( 7 )e(l/4) for 7 g SL 2 (Z). 

For an integer a and an integer ri = eOiLiPi* w hh e = ±1 and the pi mutually distinct 
primes, the Kronecker symbol (— ) is defined as follows. First we have the multiplication rule 



a \ /a 



n 



where the first factor is given by 



= 1, 



a 




(A.5) 



and for odd primes p the Kronecker symbol (^) is identical to the Legendre symbol 



p\a 

1 a is a quadratic residue mod p 

— 1 a is not a quadratic residue mod p 



(A.6) 



and coincides with ^\ = a^ p mod p. Finally, for p = 2wc have 



2\a, 

1 a = ±1 mod 8, 
— 1 a = ±3 mod 8. 



(A.7) 
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